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Abstract 
 
This paper exposes an extension of an activation model previously published by the authors. 
When particles arranged along the compression axis of a sheared suspension, they may  
overcome the electrostatic repulsion and form force chains associated with shear thickening. 
A percolation based consideration, allows an estimation of the impact of the force chains on a 
flowing suspension. It suggests that, similar to mode-coupling models, the suspension 
becomes unstable before the critical stress evaluated from the activation model is reached. 
The theory is applicable only to discontinuous shear thickening, and the predictions are 
compared with results from two experimental studies on aqueous suspensions of inorganic 
oxides; in one of them hydration repulsion and in the other hydrophobic attraction can be 
expected. It is shown that the incorporation of non-DLVO forces greatly improve predictions 
of the shear thickening instability.   
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1. Introduction 
 
A number of theoretical attempts were made in the past to explain shear thickening in 
electrically stabilized colloidal suspensions. There are four main directions in the description 
of shear thickening.  
One proposal for the source of shear thickening is that short-range lubrication forces 
are responsible for the formation of shear induced hydroclusters  (Brady and Bossis (1985), 
Bender and Wagner (1989), Maranzano et al. (2001), Melrose (2003), Melrose and Ball 
(2004)). Another is that shear thickening is related to an order-disorder transition, where an 
ordered, layered structure becomes unstable above a critical shear rate (Hoffman (1974), 
Boersma et al. (1990),(1995), Hoffman (1998)).  
Based on the idea of a stress-induced transition into a jammed state, a third approach 
describes the instability by taking advantage of a mode-coupling model, where the memory 
term takes into account the density, shear stress and shear rate (Cates et al. (1998), Holmes et 
al. (2003), (2005)).  
Recently a fourth approach was proposed by Kaldasch et al. (2008) that is based on an 
activation model which suggests that particles in a sheared suspension may overcome the 
mutual electrostatic repulsion. As a result particle clusters in the flowing suspension are 
generated, leading to the shear thickening phenomenon. The interaction potential was 
described by the Derjaguin-Landau-Verwey-Overbeek (DLVO-) theory (Derjaguin and 
Landau (1941), Verwey and Overbeek (1948)), as the combined action of Van der Waals 
attraction and electrostatic repulsion.  
However, with the advent of force measuring devices like the Surface Force Apparatus 
(SFA) and the Atomic Force Microscope (AFM), it has become possible to measure, with 
great sensitivity, the interaction forces between two surfaces down to molecular separations. 
As a result of these force measurements, serious limitations of the DLVO theory have come 
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into light. Specifically, in aqueous solutions, depending on the situation, one has to take into 
account the extraneous short range attraction between hydrophobic surfaces, known as the 
hydrophobic force (Israelachvili and Pashley (1982), Rabinovich and Derjaguin (1988), 
Claesson and Christenson (1988)) and a repulsive hydration force appearing e.g. between 
silica surfaces (Peschel et al.(1982), Rabinovich and Derjaguin (1988), Grabbe, A. and 
Horn(1993)). The hydration force between silica surfaces might be attributed to the fact that 
hydrated cations bind onto the silica/water interface leaving a large volume of hydration 
layers on the surfaces of the silica particles (Song et al. (2005)). The origin of the 
hydrophobic forces is unclear and there is a debate whether the deviation from continuum 
behavior should be attributed to molecular properties of the liquid or to surface interactions. 
One explanation is based on the effect the particle/water interface may have on the structure 
of the water in close proximity to that interface (Rabinovich and Yoon (1994)). This local 
deviation from the order in the bulk decays with increasing distance from the interface and 
gives rise to a short-range interaction with the same decay length as the order profile. Another 
proposal uses classical continuum electrostatics to illustrate how electrostatic correlations, 
arising from a surface-induced perturbation in the fluid next to a hydrophobic surface, could 
give rise to a long-range force ( Podgornik (1989)). A more qualitative suggestion is that the 
formation of vapor cavities between the hydrophobic surfaces plays some role in generating 
the force (Claesson and Christenson (1988)). None of these theories accounts for all of the 
experimental results. Although investigators disagree over the origin of the hydrophobic 
force, its existence has been confirmed independently by various research groups (Rabinovich 
et al. (1982), Claesson and Christenson (1988)).  
The main goal of this paper is to extent the rheological model of shear thickening 
supposed by Kaldasch et al.(2008, 2009) in two respects. First, non-DLVO forces are taken 
into account. Second, we want to study how density perturbations (hydro-clusters) near the 
shear thickening instability change the rheological response of the sheared suspension. A 
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comparison of the model predictions with experimental investigations on aqueous alumina- 
and silica suspensions shows the applicability of the model. 
 
2. The Model  
 
We want to consider a concentrated, electrically stabilized, colloidal suspension of 
monodisperse spherical particles. The DLVO-theory states that the total two-particle 
interaction can be expressed as a sum of the electrical double-layer interaction Uel and the 
Van der Waals attraction UvdW. However, experimental investigations showed the existence of 
forces not considered in the DLVO-theory, known as hydrophobic and the hydration forces. 
In order to include these contributions, the DLVO-theory may be extended by  writing the 
total interaction potential as a function of the surface-to-surface distance h: 
 
 hU hUhU=U(h) SvdWel )()()(   
(1) 
 
where the structural potential US represents either a hydrophobic or hydration potential. 
The electrostatic repulsion energy of the particles is due to the overlap of the electric 
double layer. In numerous cases, a simple equation derived by Hogg, Healy and Fuerstenau 
(1966) was found to be a suitable approximation, which for our case can be expressed for 
constant surface potential as a function of the surface-to-surface distance h by:  
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and for a constant surface charge approach of the particles as: 
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where we approximate 0, the surface potential at infinite interparticle distance, by the -
potential. The parameters 0 and r  are the absolute and relative dielectric constants and a is 
the particle radius. The Debye reciprocal length  is defined by: 
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where e0 is the elementary electric charge, NA the Avogadro- number, Z the ionic charge 
number and CS is the salt concentration.  
The non-retarded Van der Waals attraction between two spheres can be taken into 
account by: 
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where A is the effective Hamaker constant determined by the dielectric constants of the 
solvent-particle combination.  
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The short-range surface forces observed at separation distances less than 10 nm can be 
described by an empirical single exponential law (Israelachvili and Pashley (1982)): 
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where C0 is a pre-exponential factor and D0 is called the decay length. The minus sign refers 
to hydrophobic attraction and the plus sign to hydration repulsion. 
 
The critical stress 
 
In a suspension disturbed by simple shear, with a shear stress , a pair of colloidal 
particles may overcome the mutual repulsion of an energy barrier, UB, along the compression 
axis of the flow. In a meanfield model this activated process takes place with a frequency 
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where p is the transition probability for the formation of a particle pair: 
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while  kB  is the Boltzmann constant, T  the temperature,  the applied stress and V* the 
activation volume. The parameter f0 represents the average collision rate of particles along the 
compression axis in the absence of flow.  f has its maximum at pC=1.  
The activation barrier is formed by the two-particle interaction potential: 
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where h0  is related to the equilibrium particle distance and the maximum of the interaction 
potential, at hmax, can be obtained by  
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For randomly distributed particles the preferred surface to surface distance, which is identical 
to h0 , is governed by the volume fraction Φ:  
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where Φm=0.64 is the maximum packing density of a hard sphere suspension.  
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 V* represents the volume associated with this activation process, which is of the order 
of the free volume per particle: 
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We want to follow Cates et al. (1998) and assume that shear thickening is associated 
with a jamming transition. The jamming transition is characterized by the occurrence of force 
chains.  
The key idea of this model is the assumption, that a force chain corresponds to a chain 
of bonded particles arranged along the compression axis of the sheared suspension. The 
chance that a bond is present  between two particles along the compression axis is given by 
Eqs.(7) and (8).  An infinite chain occurs only, if the chance for a bond becomes of the order   
p≈ pC=1. From Eq.(8) follows for the critical stress  in continuous shear thickening (Kaldasch 
et al. (2008)): 
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The critical stress C can be evaluated for a constant potential (CP) and a constant 
stress (CC) approach between the colloidal particles. According to Kaldasch et al. (2008) a 
critical stress, which we want to denote as transitional stress, t, determines whether Eq. (2) 
of the CP case (if C<t) or Eq. (3) of the CC case (C>t) should be used when evaluating 
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UB in Eq.(13) for two particles that have CP interaction under static conditions. Its value is 
given by:   
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where D is the diffusion constant of the ions given by 
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ai is the radius of the ions and ηS is the viscosity of the solvent medium.  
 
The percolation approach 
We want to confine our interest to the generation of flow-induced clusters at stresses 
close to C, where the growth process of hydroclusters along the compression axis takes place 
much faster than their rotation and break-up. The probability for bonds between the colloidal 
particles along the compression axis can be written as:  
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The formation of the bonds is a dynamic process. However, let us take a picture of the 
sheared suspension at different stresses and determine the typical linear cluster size along the 
compression axis, known as correlation length . Since the bond-formation probability given 
by Eq.(16) increases with increasing stresses, it can be expected that  of the (hydro-)clusters 
becomes very large close to C. The key idea of this approach is to consider these elongated 
clusters as force chains and treat them as one-dimensional objects. In this case the random 
formation of bonds between the colloidal particles along the compression axis can be treated 
as a bond-percolation process. In one dimension this problem can be solved exactly 
(Stauffer(2003)). The percolation approach suggests that at p=pC, an infinite connected 
cluster should be present, while for p<pC only finite force chains occur. This approach implies 
that the suspension volume fraction must be high enough to form infinite clusters. Expanding 
Eq.(16) near the transition, we obtain: 
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The density correlation function along the compression axis as a function of the distance x 
reads (Stauffer(2003)):  
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which for p<1, turns into  
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with the correlation length  
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close to pC. The correlation length of the hydro-clusters along the compression axis diverges 
on approaching the critical stress. This divergence leads, however, to a considerable decrease 
of the dynamics of the sheared suspension near the instability, known as critical slowing 
down. The conventional theory of critical slowing down suggests that the relaxation time of 
the clusters scale as:  
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while z is a dynamical critical exponent and  a free parameter. 
 
The mechanical properties  
 
  Colloidal suspensions usually exhibit shear thinning for small shear rates 

 .  We want 
to describe a sheared suspension near the shear thickening transition as a visco-elastic 
continuous medium. The visco-elastic response is modeled as: 
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where γ is the deformation, n the power law exponent of the shear thinning suspension and  
K1, K2 are free parameters. This equation corresponds to the Kelvin–model with a single 
relaxation time, where K1= η is the apparent viscosity and K2=G  the elastic modulus of the 
unperturbed suspension, if n=1. For σ=0, a deformation relaxes according to: 
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where the internal relaxation time corresponds to 
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With this result Eq.(23) can be rewritten for an applied constant stress: 
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As discussed above, approaching the jamming transition, the critical slowing down of the 
clusters let the internal relaxation time diverge. Due to this over-damped dynamics close to 
the shear thickening transition, elastic deformations can be neglected, γn<<σ/K2. Since the  
relaxation time close to the jamming transition must be given by Eq. (22), we obtain for the 
stress dependent shear rate: 
  qzCQ  
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and q=1/n. From Eq.(27) follows that on approaching C , the shear rate exhibits a maximum 
at the stress 
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and the corresponding shear rate: 
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In qualitative agreement with mode-coupling models the present theory predicts that 
the shear rate decreases for >m (Holmes et al. (2003)). In this stress range the suspension is 
not mechanically stable, since d/d

 <0 and the present model is not applicable. Thus the 
theory predicts a discontinuity between a stable low shear stress branch for ≤m, and an 
unstable branch for >m. Hence a discontinuous shear thickening occurs at m. Experimental 
investigations indicate that the suspension is governed by a stick-slip-motion within the 
unstable regime (Boersma et al. (1990)). The present model suggests that the elastic 
properties of the force chains dominate the rheological response of the suspension for >C.  
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4. Comparison with Experimental Investigations 
 
  We want to compare our theoretical predictions with results of two experimental 
studies of discontinuous shear thickening, in which hydration and hydrophobic forces can be 
studied.  
Hydrophobic forces can be expected in aqueous alumina suspensions investigated by 
Zhou et. al. 2001. The aqueous alumina suspensions AKP-15L were studied at constant 
volume fraction Φ=0.56 with a salt concentration 0.01 M KNO3 and different pH-values. The 
characteristic properties of the samples are summarized in Table 1. For the calculation of the 
attractive contribution between the particles, the Hamaker constant was taken to be A=4.1*10
-
20
 J, while the hydrophobic parameters: C0=-30 mJ/m
2
 and  D0=1.2 nm were obtained from 
what Israelachvili and Pashley (1982) found for hydrophobic particles. The interaction 
potential at constant charge is displayed in Fig. 1, for pH=5.5. Since the maximum of the 
potential is very close to the surface, surface forces have a considerable impact on its 
magnitude and therefore also on the onset of shear thickening as suggested already by Franks 
et al. (2000).     
Note that the present model predicts that the critical stress of an electrically stabilized 
suspension is given by Eq.(13). However, the percolation approach suggests that the 
suspension shows a discontinuous shear thickening not the critical stress, but the maximum 
stress given by Eq.(29). This equation contains a power law exponent q and the critical 
exponent z as unknown parameters, not derived in this simple theory. Therefore both 
parameters have to be specified form experimental data, before an  experimental critical stress 
can be evaluated.     
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In order to determine these unknown parameters, we want to consider the 
experimentally obtained shear rates for a series of increasing shear stresses of the sample 
AKP-15L as displayed in Fig.2. Since critical slowing down occurs only close to the 
transition, q can be specified at small shear stresses in the shear thinning rage of the flow 
curve, far from the transition, when elastic contributions to the viscosity can be neglected. 
From Eq.(27) follows that for σ<<σC, the shear rate can be approximated by 

 ~ q, which 
allows an estimation of the power law exponent. From Fig. 2 for the sample AKP-15L a value 
q=1.90.02 (dotted line) was found.  
Once q has been determined, the critical exponent, z, can be specified by using two 
points of the theoretical flow curve, as defined by Eq.(27).  One point is the maximum stress  
σm=45 Pa at shear rate 

 m=300s
-1
, and the second is an arbitrary data point at small shear 
stresses. Substituting these two points  in Eq.(27) and Eq.(29), the critical exponent can be 
obtained from  
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(31) 
For the third data point σo=0.6 Pa and 

 0=0.2s
-1
 a numerical evaluation gives z=0.77.  The 
average over the next 10 data points of Fig.2 is z=0.970.13 with a corresponding 
experimental critical stress σC=683 Pa (Eq.(29)).  For these parameters Eq.(27) with  σ= σm 
and  

 =

 m suggests that Q=0.0090.001.  
The theoretical critical stress at constant charge including surface forces evaluated 
from Eq.(13) is σC=70.5 Pa, which is in good agreement with the experimental result. From 
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equilibrium thermodynamics, it can be expected that density fluctuations are independent of 
the particle properties. On that condition a good approximation of the maximum stress can be 
given by: 
Cm
q
q



1
 
(32) 
which we want to apply here independent of the studied system. The corresponding flow 
curve, Eq.(27), is displayed in Fig.2 for q=1.9. 
At constant volume fraction of the samples, q is considered also constant, and  the 
maximum critical stress, σm0.66 σC, where σC is given by Eq.(13) at constant charge. The 
model predictions of the aqueous alumina suspensions investigated by Zhou et al. (2001) are 
in good agreement with the experimental data as displayed in Fig. 3, while for comparison the 
dotted line indicates the maximum stress, σm, at constant charge based only on  DLVO forces 
(Kaldasch et al. (2008)).  
We want to consider another experimental study performed by Franks at. al. (2000) on 
aqueous silica suspensions. In this system hydration repulsion can be expected (Song et al. 
(2005)). The silica particles involved are nearly monodisperse, nearly spherical with a 
diameter of 1 m. The samples were studied at a constant volume fraction Φ=0.58 and salt 
concentration 0.01 M NaCl, at different pH values. The suspensions exhibited shear 
thickening at stresses summarized in Table 2. Empirically, the decay length of the hydration 
repulsion is usually of the order: D0≈0.6-1.1 nm for 1:1 electrolytes, while C0 depends on the 
hydration of the surfaces and is C0≈3-30 mJ/m
2
 (Paunov et al. (1996)). The power law 
exponent of the shear thinning part of the flow curve was nearly constant, q=1.3 (Franks 
(2008)). The fat line in Fig 4 obtained from Eq.(32) represents a fit to the experimentally 
obtained data with the parameter C0=30 mJ/m
2
 and D0=0.9nm of the hydration repulsion. 
Note that the fit parameters are in the expected parameter range.  
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3. Conclusions 
 
The critical stress, C, as predicted by the model corresponds to the stress necessary to 
overcome the mutual repulsion between two particles and form an infinite force chain. 
However force chains are unstable against shear perturbations, since their relaxation time 
diverges on approaching the critical stress. The relaxation time can be estimated from a 
percolation approach, if we assume that the hydroclusters are highly elongated along the 
compression axis. Similar to mode-coupling models, suggesting an S-shaped curve of the 
stress-shear rate dependence, the present model predicts that the suspension becomes already 
unstable at a maximum stress, m<C. The extension of the DLVO-activation model by taking 
into account structural forces improves the prediction of the shear thickening instability 
considerably, as was shown by a comparison with experimental investigations on aqueous 
suspensions with significant hydrophobic and hydration forces. Note that the present model is 
applicable only to discontinuous shear thickening.  
A problem of the this theory is that after having overcome the mutual repulsion, 
colloidal particles should remain trapped in the primary minimum of the interaction potential. 
We want to emphasize, that the surface-to-surface distances, hmax, at the maximum of the 
continuum description of the interaction potential, is very close to the surface. As summarized 
in Table 1 and Table 2, hmax is usually a few hundred pico-meter. It becomes of the order of 
the size of the largest atoms of the particles involved, which is ~200 pm in diameter for a Si-
atom and ~250 pm for an Al-atom. This result leads us to speculate that the reversibility of 
shear thickening may be due to the surface roughness of the colloidal particles. The model 
suggests that orthokinetic coagulation (Smoluchowski (1912), Friedlander (2000)) and shear 
thickening belong to the same effect. Once the particles have overcome the mutual repulsion 
they are in a bounded state, and the difference between reversible shear thickening and 
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irreversible shear aggregation is the magnitude of the potential barrier UBound of the bounded 
particle to become unbounded. In the case of shear thickening, hmax is of the order of the 
atomic constituents and the surface roughness prohibits an approach far beyond this distance. 
It can be expected that with suspensions that exhibit shear thickening UBound<kBT, because 
after ceasing the shear perturbation a shear thickening suspension relaxes into a stable 
suspension due to thermal activation. For the case of a shear aggregated suspension, 
UBound>>kBT and the suspension remains in the coagulated state.   
Inevitably, the model requires that the two-particle interaction potential has a 
maximum at a finite distance. Unlike electrostatically interacting particles, particles stabilized 
by adsorbing polymer exhibit a potential, which consists only of a shallow attractive 
minimum followed by a rapid increase as the surfaces of the colloidal particles approach each 
other closely. Shear thickening in suspensions stabilized by absorbed polymers, must be due 
to an alternative mechanism as discussed in Maranzano et al. (2001) and Krishnamurthy et al. 
(2005) . 
Note that the present model is in agreement with the assumption of a shear-induced 
jamming transition as suggested by Cates et al. (1998), which implies that a periodic structure 
must suffer from a structural transition, as purposed as an explanation for shear thickening by 
Hoffman (1974). It can be expected that the understanding of the shear thickening instability 
can be improved substantially when the rheological characterization of the critical stresses is 
supplemented with a more precise determination of the interaction potential of the colloidal 
particles by direct force measurements. Therefore more experimental investigations with 
accurately characterized model systems are necessary. 
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Tables 
 
 
 
 
 
 
 
 
 
 
 
Table 1. Characteristic data of the alumina suspensions AKP 15L investigated by Zhou et al. 
(2001). T=298 K, a=0.425 m, C=10 mol/m3 , r=80.37, A=4.1*10
-20
 J, Z=1, q=1.9, z=1.  
 
 
 
 
 
Suspension pH  
[mV] 
hmax 
[pm] 
C 
[Pa] 
 
m 
[Pa] 
(theory) 
m 
[Pa] 
(experiment) 
AKP 15L 5.0 96 116 76 49.8 50 
AKP 15L 5.5 90 136 58 37.7 38 
AKP 15L 6.0 80 188 41 20.4 30 
AKP 15L 6.4 73 258 22 10.7 12 
AKP 15L 6.8 64 2191 8 3.4 6 
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Table 2. Characteristic data of the silica suspensions investigated by Franks et al. (2000). 
T=298 K, a=0.5 m, C=10 mol/m3 , r=80.37, A=8.3*10
-21
 J, Z=1, q=1.3, z=1. 
 
 
 
Suspension pH  
[mV] 
hmax 
[pm] 
C 
[Pa] 
 
m 
[Pa] 
(theory) 
m 
[Pa] 
(experiment) 
silica in water  8.35 60 40 68 39 34 
silica in water 6.85 44 66 41 24 24 
silica in water 5.50 30 102 26 15 18 
silica in water 4.50 13 150 18 10 9 
silica in water 1.90 0 N/A N/A N/A N/A 
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Figures  
 
Figure 1.  Scaled interaction potential at constant charge as a function of the two-particle 
surface-to-surface distance h/a of sample AKP-15L (a=425 nm) with the flow curve 
displayed in Fig.2. While the solid line represents the total potential, the dotted line indicates 
the interaction potential without hydrophobic surface forces.  
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Figure 2.  Shear stress as a function of the shear rate of the alumina suspension AKP-15L 
Φ=0.56 at 0.005 M KNO3 and pH=5.5, investigated by Zhou et al. (2001) (circles). The 
dotted line indicates that the sample exhibits shear thinning with q=1.9 for small stresses. The 
fat line corresponds to Eq.(27) with Q=0.008 and z=1. The suspension can be expected to be 
unstable for stresses, σ>σm, while σC is the critical stress. 
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Figure 3. The maximum shear stress, σm, at constant charge taking into account the 
hydrophobic force (fat line) as a function of the surface potential (-potential) of the alumina 
suspension AKP-15L investigated by Zhou et al. (2001) (circles). The dotted line indicates the 
outcome of the model without surface forces.  The dashed lines show if z varies  z=10.2. 
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Figure 4.  The maximum shear stress, σm, at constant charge taking into account the hydration 
force (fat line) as a function of the surface potential (-potential) of the silica suspensions 
investigated by Franks et al. (2000) (circles). The dotted line indicates the outcome of the 
model without surface forces.   
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